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We compute the Higgs plus two-quark and one-gluon amplitudes (H → qq¯g) and Higgs plus
three-gluon amplitudes (H → 3g) in the Higgs effective theory with a general class of operators.
By changing the quadratic Casimir CF to CA, the maximally transcendental parts of the H → qq¯g
amplitudes turn out to be equivalent to that of the H → 3g amplitudes, which also coincide with the
counterparts in N = 4 SYM. This generalizes the so-called maximal transcendentality principle to
the Higgs amplitudes with external quark states, thus to the full QCD theory. We further verify that
the correspondence applies also to two-loop form factors of more general operators, in both QCD
and scalar-YM theory. Another interesting relation is also observed between the planar H → qq¯g
amplitudes and the minimal density form factors in N = 4 SYM.
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INTRODUCTIOIN
Analytic studies have been crucial for uncovering new
hidden structures of scattering amplitudes. A famous
example is the Parke-Taylor formula for tree-level max-
imally helicity violating (MHV) gluon amplitudes [1],
which is remarkably simple and hard to understand from
the traditional Feynman diagram viewpoint. Another
striking example is the six-point two-loop MHV ampli-
tude in the planar N = 4 supersymmetric Yang-Mills
theory (SYM), for which the original seventeen-page re-
sult [2] in terms of multiple polylogarithms turned out
to be equivalent to a few lines of classical polylogarithms
[3].
While significant progress has been made in the study
of loop amplitudes in supersymmetric theories such as
N = 4 SYM, it should be fair to say that the analytic
structures of amplitudes in realistic theories such as QCD
are still largely unexplored beyond one loop. This is
partially because the two-loop computation is itself very
challenging in QCD and so far not many analytic results
have been obtained. (See e.g. [4–9] for recent progress
on gluon amplitudes.) In this paper, we will study the
two-loop Higgs amplitudes in the Higgs effective theory
[10–16] with full QCD corrections. These observables
not only have a wide range of phenomenological appli-
cations, such as for the Higgs production at the Large
Hadron Collider, see e.g. [17–27], but are also impor-
tant from a purely theoretical point of view, in partic-
ular, for uncovering hidden analytic structures of QCD
amplitudes. As a central result of this paper, we will
show that the so-called maximal transcendentality prin-
ciple applies to both the Higgs plus 2-quark and 1-gluon
amplitudes (H → qq¯g) and Higgs plus three-gluon am-
plitudes (H → 3g).
The maximal transcendentality principle was conjec-
tured first in [28, 29] and states that, for certain quanti-
ties such as the anomalous dimensions, the QCD results
[30] with highest transcendentality degree coincide with
the N = 4 SYM results. Here, transcendentality degree
characterizes the algebraic complexity of transcendental
numbers or functions. For example, π and log(x) have
degree 1, the Riemann zeta value ζn and polylogrithm
function Lin have degree n, and the transcendentality de-
gree of algebraic numbers or rational functions is zero. In
[31], a further surprising observation was made: the two-
loop BPS form factor in N = 4 SYM coincides with the
maximally transcendental part of theH → 3g amplitudes
with the dimension-5 operatorHtr(F 2) [32]. This implies
that the maximal transcendentality principle does not
only apply to pure numbers (such as anomalous dimen-
sions) but also to kinematics-dependent functions (such
as amplitudes). More recently, the same correspondence
has also found for the H → 3g amplitudes with higher
dimension-7 operators and the corresponding form fac-
tors in N = 4 SYM [33–36]. See other examples for
Wilson lines [37, 38] and an application for the collinear
anomalous dimension [39].
So far the correspondence for Higgs amplitudes and
form factors has been known for the cases with pure ex-
ternal gluon states. On the other hand, in full QCD,
there are fundamental particles (i.e. quarks). It is there-
fore very interesting to ask whether the maximal tran-
scendentality principle applies to the Higgs amplitudes
with external quarks as well. This is a priori not obvious
at all, since the quarks and gluons have very different
color structures. The surprising new observation of this
paper is that the correspondence can be indeed extended
to the H → qq¯g amplitudes. Concretely, by converting
the representation of quarks from fundamental to adjoint,
the maximally transcendental parts of the H → qq¯g am-
plitudes become precisely the same as the corresponding
H → 3g results. Such a generalized maximal transcen-
2dentality principle can be summarized as:
Max. Tran. of (H → qq¯g)|CF→CA
= Max. Tran. of (H → 3g)
= Max. Tran. of N = 4 form factors .
We have checked this correspondence by computing
several new results, including Higgs amplitudes with
higher dimension operators in effective theory, as well as
form factors with more general operators such as ψ¯ψ. We
also compute form factors involving fundamental scalar
particles in the scalar-YM theory. They all satisfy the
above correspondence, suggesting the relation is quite
universal.
As another interesting observation, we find that for
the large Nc limit of H → qq¯g amplitudes with length-3
operators, the maximally transcendental part coincides
with the minimal form factor density of higher length
operators in N = 4 SYM [40–43], up to simple ζ3, ζ4
terms. (The length of operator will be defined in the
next section.) This suggests that the maximal transcen-
dentality principle applies also to general minimal form
factors with higher length operators in QCD.
In the next section, we will discuss the operators in the
Higgs effective theory and briefly explain the computa-
tion of their form factors. In the further three sections,
we explain in detail the maximal transcendentality prin-
ciple, for both length-2 and length-3 cases, respectively.
Finally, we give a summary and discussion. The main
results of this paper are summarized in Table I.
SETUP AND COMPUTATION
The dominant Higgs production at the LHC is the
gluon fusion through a top quark loop. The correspond-
ing Higgs amplitudes can be computed using Higgs effec-
tive Lagrangian, where the top quark loop is integrated
out [10–16]
Leff = Cˆ0HO0 +
1
m2t
4∑
i=1
CˆiHOi +O
(
1
m4t
)
. (1)
Equivalently, the Higgs amplitudes can be understood as
form factors, which are matrix elements of a local oper-
ator Oi and n on-shell partons
FOi,n =
∫
d4x e−iq·x〈p1, . . . , pn|Oi(x)|0〉 . (2)
The operatorOi corresponds to a Higgs-gluon interaction
vertex HOi in the Higgs effective Lagrangian (1). The
leading terms contain dimension-4 and 6 operators [44–
48]
O0 = tr(FµνF
µν) , (3)
O1 = tr(F
ν
µ F
ρ
ν F
µ
ρ ) , (4)
O2 = tr(DρFµνD
ρFµν) , (5)
O3 = tr(D
ρFρµDσF
σµ) , (6)
O4 = tr(FµρD
ρDσF
σµ) . (7)
To classify the operators, we introduce the length of
a given operator O as L(O), and it can be defined
together with the minimal form factor FO,L(O), such
that at tree-level, F
(0)
O,L(O) 6= 0 while F
(0)
O,n = 0 when
n < L(O). For instance, the minimal form factor of
O0 has two external gluons, so the length of O0 is two.
Similarly, O1 has length three. The lengths of O4 and
O3 are more subtle and require some explanation. Us-
ing the equation of motion DµFµν ∼
∑nf
i=1(ψ¯iγ
νT aψi)
(where nf is the flavor number), the operator O4 and
O′4 = F
a
µνD
µ
∑nf
i=1(ψ¯iγ
νT aψi) are actually equivalent by
equation of motion. This means that the minimal form
factor of O4 requires two external quarks and one gluon,
thus the length of O4 is three. Similar argument shows
that the length of O3 is four.
We can further classify operators according to their
color structures, for which we introduce a diagrammatic
notation: the blob A
i
 represents an adjoint field and
F i represents a fundamental field, and i, j are funda-
mental or anti-fundamental color indices. By multiplying
several fields (blobs) and contracting the color indices,
one obtains a color-singlet operator. The number of blobs
matches the length of the operator. For example:
Length-2: A A : tr(F 2) , F F : ψ¯ψ , φ¯φ ;
Length-3: F FA : F aµν(ψ¯γ
µνT aψ) , (8)
where φ represent fundamental scalars in the scalar-YM
theory (which is a cousin of QCD and can be obtained
from the latter by replacing fundamental fermions to fun-
damental scalars).
Our study will focus on the form factors with three
on-shell partons up to two loops. Here we briefly explain
our computation strategy, and we refer interested reader
to [33] for detailed discussions. The form factors with
pure gluon external states can be obtained efficiently us-
ing unitarity based method [49–51] combined together
with integration by parts (IBP) reduction [52, 53]. The
form factors with external quark states have more compli-
cated color structures, in particular the non-planar-color
diagrams contribute. We compute them using Feynman
diagrams method with FeynArts [54]. In both computa-
tions, we convert tensor integrals to scalar integrals using
the gauge invaraint basis, see e.g. [32, 33, 55, 56]. IBP
reduction can then be applied to reduce the integrands
to master integrals (e.g. with public codes [57–60]). All
3master integrals we consider are known explicitly in terms
of two-dimensional harmonic polylogarithms [61–63].
FORM FACTORS AND FINITE REMAINDERS
Bare form factors contain ultraviolet (UV) and infrared
(IR) divergences. We apply dimensional regularization
(D = 4−2ǫ) in the conventional dimension regularization
(CDR) scheme. The UV divergences come from both the
coupling constant and the local operator, for which we
apply the modified minimal subtraction renormalization
(MS) scheme [64]. The renormalized form factors contain
only IR divergences which take universal Catani form as
[65]:
F
(1)
O = I
(1)(ǫ)F
(0)
O + F
(1),fin
O +O(ǫ) , (9)
F
(2)
O = I
(2)(ǫ)F
(0)
O + I
(1)(ǫ)F
(1)
O + F
(2),fin
O +O(ǫ) , (10)
where I(l) are functions independent of operators. We de-
scribe the divergence subtractions explicitly in the Sup-
plemental Material [66].
We have performed several non-trivial checks for our
results. First, we reproduce the known results of form
factors of O0 plus three partons [32]. For H → 3g,
we apply both Feynman diagram and unitarity methods
and find complete consistency. Second, our form factor
results of Oi, i = 0, 1, 2, 4 (which are computed indepen-
dently) satisfy the required non-trivial linear relation [45]
FO2 =
1
2
q2 FO0 − 4 gFO1 + 2FO4 . (11)
Third, our results reproduce the correct IR and UV di-
vergences.
The intrinsic new information of a form factor is con-
tained in its finite part F
(l),fin
O , which will be called the
remainder function. We normalize the remainder by tree
factor as R
(l)
O = F
(l),fin
O /F
(0)
O . Since the one-loop part
is relatively simple, below we will focus on the two-loop
form factors. At two loops, we can decompose the re-
mainder function according to the general color structure
as:
R
(2)
O =C
2
AR
(2),C2A
O + CACFR
(2),CACF
O + C
2
FR
(2),C2F
O
+nfCAR
(2),nfCA
O + nfCF R
(2),nfCF
O + n
2
f R
(2),n2f
O ,
(12)
where CA, CF are the quadratic Casimirs in the adjoint
and fundamental representations:
CA = Nc , CF =
N2c − 1
2Nc
. (13)
The maximal transcendentality degree of the two-loop
remainder function is 4, and we can decompose it accord-
ing to transcendentality degree as
R
(2)
O =
4∑
d=0
R
(2)
O;d, (14)
where R
(2)
O;d has uniform transcendentality degree d. We
note that nf terms in (12) never appear in the maximal
transcendentality (i.e. degree-4) part. Thus we have
R
(2)
O;4 = C
2
AR
(2),C2A
O;4 + CACFR
(2),CACF
O;4 + C
2
FR
(2),C2F
O;4 .
(15)
In the next two sections, we will focus on the maximal
transcendentality parts and show that all the form fac-
tors we consider satisfy the maximal transcendentality
principle.
MAXIMAL TRANSCENDENTALITY
PRINCIPLE: LENGTH-2 CASES
Let us first consider the QCD form factors of the
length-2 operator O0=tr(F 2), which were first computed
in [32].
For the form factor with three external gluons, O0 →
3g, the CACF and C
2
F terms are both zero, and the max-
imally transcendental part comes only from R
(2),C2A
O0;4
. It
has been noted in [31] that the remainders of the O0 → 3g
form factors satisfy the maximal transcendentality prin-
ciple:
R
(2)
O0;4
(1−, 2−, 3±) = R
(2),N=4
O0;4
= C2AR
(2)
len-2;4 . (16)
The same function was also obtained in the non-BPS
Konishi form factor in N = 4 SYM [67].
Above we have introduced the function R
(2)
len-2;4, where
the subscript ‘len-2’ refers to length-2. As we will see
below, this function is a universal function for the form
factors of length-2 operators. Its explicit expression can
be given as:
R
(2)
len-2;4 = −2
[
J4
(
−
uv
w
)
+ J4
(
−
vw
u
)
+ J4
(
−
wu
v
)]
− 8
3∑
i=1
[
Li4
(
1−
1
ui
)
+
log4 ui
4!
]
− 2
[
3∑
i=1
Li2
(
1−
1
ui
)]2
+
1
2
[
3∑
i=1
log2 ui
]2
+ 2(J22 − ζ2J2)−
log4(uvw)
4!
− ζ3log(uvw)−
123
8
ζ4, (17)
4where
J4(x) = Li4(x) − log(−x)Li3(x) +
log2(−x)
2!
Li2(x)
−
log3(−x)
3!
Li1(x)−
log4(−x)
48
, (18)
J2 =
3∑
i=1
(
Li2(1− ui) +
1
2
log(ui) log(ui+1)
)
, (19)
and
u = u1 =
s12
s123
, v = u2 =
s23
s123
, w = u3 =
s13
s123
. (20)
We point out that the above result is computed with the
Catani IR subtraction and is different from the N = 4
result in [31] using the BDS subtraction [68] (see also
[69]). The difference is only from the change of sub-
traction schemes, and we have checked that when using
Catani subtraction scheme, the N = 4 remainder is in-
deed equivalent to (17).
The more interesting case is the form factor with quark
external states: O0 → qq¯g. In this case, both the CACF
and C2F terms in (15) have non-trivial transcendentality
degree-4 contributions. (Their explicit expressions are
given in the Supplemental Material [66].) Remarkably,
the direct sum of three terms in (15) reproduces precisely
the gluon remainder
R
(2),C2A
O0;4
(1q, 2q¯, 3±) +R
(2),CACF
O0;4
(1q, 2q¯, 3±)
+R
(2),C2F
O0;4
(1q, 2q¯, 3±) = R
(2)
len-2;4 . (21)
Comparing with (15), one can note that above sum makes
sense if one makes a replacement for the color factor as
CF → CA , (22)
so that all three terms share the same color factor C2A.
Such an identification for color factors has a natural phys-
ical interpretation as changing the fermion representation
from fundamental to adjoint. Similar relation was previ-
ously known for kinematic independent quantities such
as anomalous dimensions [28, 29, 39].1
We would like to stress that the above relation is rather
non-trivial. First, the O0 → 3g and O0 → qq¯g results are
very different from each other. In particular, unlike the 3-
gluon case, the latter have non-zero CACF and C
2
F parts,
and both of them contain non-trivial 2d Harmonic poly-
logarithms of degree-4 (see the Supplemental Material
[66]). Furthermore, the O0 → 3g case enjoys a permuta-
tional symmetry, while in O0 → qq¯g only a flip symmetry
(v ↔ w) is left.
1 The universal maximally transcendental function was also noted
for certain pseudo-scalar Higgs amplitudes involving qq¯g states
[70].
In order to see if this relation applies to more general
cases, we also compute the form factor of the length-2
operator, ψ¯ψ. As shown in (8), this operator has very
different color structure compared to O0. It turns out
that its maximally transcendental part satisfies the same
relation:
R
(2),C2A
ψ¯ψ;4
(1q, 2q¯, 3±) +R
(2),CACF
ψ¯ψ;4
(1q, 2q¯, 3±)
+R
(2),C2F
ψ¯ψ;4
(1q, 2q¯, 3±) = R
(2)
len-2;4 . (23)
The explicit expressions of three terms are given in the
Supplemental Material [66].
We have also considered form factors of operator φ¯φ
in the scalar-YM theory. It turns out that its maximally
transcendental part is exactly the same as the ψ¯ψ result
in QCD, without changing any color factors. The equiv-
alence between fermion and scalar cases implies that the
correspondence does not depend on the spin of the fields.
Finally, we note that each terms in (23) are different
from those in (21). This difference is not surprising, since
the operators tr(F 2) and {ψ¯ψ, φ¯φ} have different color
structures, as indicated in (8).
MAXIMAL TRANSCENDENTALITY
PRINCIPLE: LENGTH-3 CASES
In this section, we consider further the form factors
with length-3 operators. As we will see, despite that the
expressions are very different between the length-2 and
length-3 cases, the maximal transcendentality principle
still holds.
We first consider the form factors of O1=tr(F 3) with
three external gluon states. The CACF and C
2
F terms are
both zero. It has been observed that the maximally tran-
scendental part of the O1 → 3g form factor remainders
are the same in QCD and N = 4 SYM [33, 34]:
R
(2)
O1;4
(1−, 2−, 3−) = R
(2),N=4
O1;4
= C2AR
(2)
len-3;4 , (24)
where we introduceR
(2)
len-3;4. Its explicit form can be given
as [33]
R
(2)
len-3;4 = −
3
2
Li4(u) +
3
4
Li4
(
−
uv
w
)
−
3
2
log(w)Li3
(
−
u
v
)
+
log2(u)
32
[
log2(u) + 2 log2(v)− 4 log(v) log(w)
]
(25)
+
ζ2
8
[
5 log2(u)− 2 log(v) log(w)
]
−
1
4
ζ4 + perms(u, v, w).
We have also computed the H → 3g amplitudes with
higher dimension length-3 operators in the pure gluon
sector of Higgs effective Lagrangian, and they all share
the the same maximally transcendental part.
To study the form factors with external quarks, we
consider the length-3 operator O4 ∼ FµνDµ(ψ¯γνψ). In
5this case, the CACF and C
2
F terms ofO4 → qq¯g have non-
trivial contributions. Remarkably, they satisfy the same
correspondence as in the length-2 cases: by changing CF
to be CA, the maximally transcendental part are identical
to the 3-gluon case:
R
(2)
O4;4
(1q, 2q¯, 3±)|CF→CA (26)
= C2A
(
R
(2),C2A
O4;4
+R
(2),CACF
O4;4
+R
(2),C2F
O4;4
)
= C2AR
(2)
len-3;4 .
The explicit expressions of the three terms with different
color factors are given in terms of 2d Harmonic polylog-
arithms in the Supplemental Material [66].
Let us mention another interesting relation. If we re-
organize the remainder of O4 → qq¯g in terms of Nc ex-
pansion using (13), the term with color factor N2c is
R
(2),N2c
O4;4
(1q, 2q¯, 3±) = G(1− v, 1− v, 1, 0, w) (27)
− Li4(1− v)− Li4(v) + Li4
(v − 1
v
)
+ Li3(v) log
( u
1− v
)
+ Li3
( u
1− v
)
log(v)
+ [Li3(v) + Li3(1 − v)]
[
log(w) − 2 log
( u
1− v
)]
+ Li2
( u
1− v
)
Li2
(v − 1
v
)
+
1
2
Li2(v) log
2
( u
1− v
)
+ Li2(1− v) log(1− v) log
( u
1− v
)
+
1
24
log2(v)
×
[
log(v) log
( v
(1− v)4
)
− 3 log(w) log
( w
(1 − v)4
)]
+ ζ2
[
Li2(1− v) + log(v) log
( v
w
)
−
1
2
log2
( u
1− v
)]
+ ζ3
[
log
( u
1− v
)
− 5 log(v)
]
+
23ζ4
8
+ {v ↔ w} ,
where we have simplified the expression using the sym-
bol technique [3]. Strikingly, the symbol of this func-
tion is identical to the universal partial density remainder
of minimal form factors with higher length operators in
N = 4 SYM, which was obtained first for tr(φL) [40] and
later for more general operators [41–43]. Their functional
forms only differ by very simple terms:
R
(2),N2c
O4;4
(1q, 2q¯, 3±)−R
(2),N=4
density;4 =
19
4
ζ4 − 4ζ3 log(vw) .
(28)
This coincidence is surprising in the sense that the re-
mainder density in N = 4 SYM is a partial quantity
for higher length minimal form factors, while (27) is the
leading Nc color result for a length-3 form factor with
fundamental quarks. This suggests that the density for
higher length form factors in QCD is independent of the
representation as well as the spin of the particles. The
leading Nc contribution for the minimal form factor with
CF → CA N
2
c -part
A
A
A
F A F A AA
FIG. 1. The correspondences of form factors with length-3
operators. The red square on the right indicates a density
contribution in the higher length case.
a length-L operator, OL ∈ A FAF , is expected
to be given by:
R
(2),N2c
OL;4
(1q¯, 2g, . . . , (L−1)g, Lq) ≃
L−2∑
i=1
R
(2)
density;4(ui, vi, wi) ,
(29)
up to simple terms containing ζ3, ζ4. We summarize the
above correspondences in Figure. 1.
For completeness, we give the result with N−2c color
factor:
R
(2),1/N2c
O4;4
(1q, 2q¯, 3±) = −
11
2
ζ4 + 6ζ3 log(u) . (30)
The N0c part can be obtained using (26), (27), and (30).
Finally, let us mention that in the scalar-YM
theory, the form factor with length-3 operator
F aµνD
µ
∑nf
i=1(φ¯i
←→
DµT aφi) (which is a scalar version of
O4) have identical maximally transcendental parts as the
QCD results without changing any color factors, similar
to the length-2 case.
SUMMARY AND DISCUSSION
In this paper, we generalize the maximal transcenden-
tality principle to Higgs amplitudes and form factors that
contain external fundamental quarks in QCD. By a sim-
ple change of color factors, the maximally transcendental
parts of the H → qq¯g amplitudes become identical to the
H → 3g amplitudes. The correspondence is found to be
true for both length-2 and length-3 operators. The uni-
versal maximally transcendental parts are given in (17)
and (25), for the length-2 and length-3 cases respectively.
We also find that the leading Nc term of H → qq¯g ampli-
tudes with length-3 operator is equivalent to the N = 4
remainder density for higher length operators. A number
of non-trivial new results have been obtained to test the
correspondence, including Higgs amplitudes with higher
dimensional operators in the effective Lagrangian, and
also form factors in both QCD and scalar-YM theory.
We summarize the correspondence in Table I.
Let us comment on a few open problems regarding
the correspondence. First, the maximal transcendental-
ity principle allows one to obtain the maximal transcen-
dentality part (functionally the most complicated part)
in Higgs amplitudes from their N = 4 counterparts. It
would be interesting to check if the relation holds for
6TABLE I. The universal maximally transcendental properties for Higgs amplitudes or form factors of length-2 and 3 operators
with three partons, and minimal form factors with higher length operators are summarized. The color-singlet operators are
classified according to their lengths and representative examples are provided. We also indicate the external on-shell partons.
Length-2 Length-3 Higher length
Operators A A F F
A
A
A
F FA A AA A FAF
Examples tr(F 2) ψ¯ψ φ¯φ
tr(F 3),
tr(F νµ DσF
ρ
ν D
σF µρ )
FµνD
µ(ψ¯γνψ),
Fµν(ψ¯γ
µνψ)
tr(FL), L ≥ 4 ψ¯(FL)ψ,L ≥ 2
External Partons (g, g, g), (ψ¯, ψ, g) (ψ¯, ψ, g) (φ¯, φ, g) (g, g, g) (ψ¯, g, ψ) (g1, . . . , gL) (ψ¯, g1, . . . , gL, ψ)
Max. Trans.
Remainder
(with CF → CA)
RL2;4(u, v, w) Rlen−3;4(u, v, w)
∑
iR
(2)
density;4(ui, vi, wi)
more general cases, such as at three loops, or the Higgs
plus four-parton amplitudes [71–73]. Second, the knowl-
edge of lower transcendentality parts are also important,
in order to obtain full QCD results. Some evidence fo
the relations of the lower transcendental parts was found
in [33]. It would be interesting to explore this further.
Third, via unitarity cuts, gluon/quark amplitudes (with-
out the Higgs particle) are building blocks of form factors.
The correspondence we found indicates that there could
be hidden relations (induced by unitarity cuts) for those
amplitudes. Finally, the universal relations and the sim-
plicity of the results we present in this paper are hard to
understand using standard Feynman diagram methods.
A solid understanding of their origin is expected to lead
to a better way of computing amplitudes or form factors.
We hope to explore these in the future work.
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9SUPPLEMENTAL MATERIAL
In this supplemental material, we first describe the subtraction of ultraviolet (UV) and infrared (IR) divergences.
Then we give the explicit maximal transcendentality parts of the remainder functions for the form factors that involve
qq¯g external states.
Renormalization and IR subtraction
The bare form factors contain ultraviolet (UV) and infrared (IR) divergences. In this appendix we describe explicit
how these divergences are removed which leads to the finite remainder functions that we consider in the main text. We
apply dimensional regularization (D = 4− 2ǫ) and use the MS scheme. Most formulas can be also found in [32]. Here
we present the formula depending explicitly on the quadratic Casimirs CA and CF rather than taking Nc expansion.
The bare form factor is expanded as
Fb = g
x
0
[
F
(0)
b +
α0
4π
F
(1)
b +
(α0
4π
)2
F
(2)
b +O(α
3
0)
]
, (31)
where g0 = gYM is the bare gauge coupling and α0 =
g2
0
4π . We pull out the coupling g
x
0 in the tree form factor which
depends on the number of external legs.
To remove the UV divergences, we preform renormalization for both the coupling constant and the local operator.
We express the bare coupling α0 in terms of the renormalized coupling αs = αs(µ
2) = gs(µ
2)2
4π , evaluated at the
renormalization scale µ2, as
α0 = αsS
−1
ǫ
µ2ǫ
µ2ǫ0
[
1−
β0
ǫ
αs
4π
+
(β20
ǫ2
−
β1
2ǫ
)(αs
4π
)2
+O(α3s)
]
, (32)
where Sǫ = (4πe
−γE)ǫ, due to the use of MS scheme, and µ20 is the scale introduced to keep gauge coupling dimen-
sionless in the bare Lagrangian. The first two coefficients of the β function are
β0 =
11CA
3
−
2nf
3
, β1 =
34C2A
3
−
10CAnf
3
− 2CFnf , (33)
where nf is the number of fermion flavors. In SU(Nc), the quadratic Casimirs in the adjoint and fundamental
representations respectively are
CA = Nc , CF =
N2c − 1
2Nc
. (34)
We renormalize the operator by introducing the renormalization constant Z for the operator
Z = 1 +
∞∑
l=1
(αs
4π
)l
Z(l) . (35)
Expanding the renormalized form factor as
F = gxs S
−x/2
ǫ
∞∑
l=0
(αs
4π
)l
F (l) , (36)
we have the relations between the renormalized components F (l) and the bare ones F
(l)
b as
F (0) = F
(0)
b , (37)
F (1) = S−1ǫ F
(1)
b +
(
Z(1) −
x
2
β0
ǫ
)
F
(0)
b , (38)
F (2) = S−2ǫ F
(2)
b + S
−1
ǫ
[
Z(1) −
(
1 +
x
2
)β0
ǫ
]
F
(1)
b
+
[
Z(2) −
x
2
β0
ǫ
Z(1) +
x2 + 2x
8
β20
ǫ2
−
x
4
β1
ǫ
]
F
(0)
b . (39)
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The renormalized form factor contains only IR divergences, which take following universal structure:
F (1) = I(1)(ǫ)F (0) + F (1),fin +O(ǫ) , (40)
F (2) = I(2)(ǫ)F (0) + I(1)(ǫ)F (1) + F (2),fin +O(ǫ) . (41)
At one-loop, for the form factor with three external gluons, we have
I
(1)
3g (ǫ) = −
eγEǫ
Γ(1− ǫ)
(
CA
ǫ2
+
β0
2ǫ
) 3∑
i=1
(−
si,i+1
µ2
)−ǫ , (42)
while for the case with two external quarks plus one gluon, we have
I
(1)
ffg(ǫ) = −
eγEǫ
Γ(1− ǫ)
[(
CA
ǫ2
+
3CA
4ǫ
+
β0
4ǫ
)(
(−
s13
µ2
)−ǫ + (−
s23
µ2
)−ǫ
)
− (CA − 2CF )
(
1
ǫ2
+
3
2ǫ
)
(−
s12
µ2
)−ǫ
]
. (43)
At two-loop, we have the general structure that, for n external gluons and m external quarks (or anti-quarks),
I(2)(ǫ) = −
1
2
[I(1)(ǫ)]
2 −
β0
ǫ
I(1)(ǫ) +
e−γEǫΓ(1− 2ǫ)
Γ(1− ǫ)
[
β0
ǫ
+K
]
I(1)(2ǫ) +
eγEǫ
ǫΓ(1− ǫ)
(
nH
(2)
Ω,g +mH
(2)
Ω,q
)
,
where
K =
(
67
9
−
π2
3
)
CA −
10
9
nf , (44)
and
H
(2)
Ω,g =
(
ζ3
2
+
5
12
+
11π2
144
)
C2A +
5n2f
27
−
(
π2
72
+
89
108
)
CAnf −
nf (CA − 2CF )
4
, (45)
H
(2)
Ω,q =
(
7ζ3
4
+
409
864
−
11π2
96
)
C2A −
(
ζ3
4
+
41
108
+
π2
96
)
CA(CA − 2CF )
−
(
3ζ3
2
+
3
32
−
π2
8
)
(CA − 2CF )
2 +
(
π2
48
−
25
216
)
2CFnf . (46)
Maximally Transcendental Remainder of R
(2)
O;4(1
q, 2q¯ , 3±)
In this appendix, we give the maximal transcendentality part of the remainder function for the form factors with
length-2 operators: O0=tr(F 2), tr(ψ¯ψ), and length-3 operator O4 ∼ FµνDµ(ψ¯γνψ), respectively. The Mathematica
readable format is also provided with the submission of this article.
The first case, R
(2)
O0;4
(1q, 2q¯, 3±), has been already given in [32]. We have reproduced this result by an independent
computation. We expand the result in three terms associated with following three color factors:
R
(2)
O0;4
(1q, 2q¯, 3±) = C2AR
(2),C2A
O0;4
(1q, 2q¯, 3±) + CACFR
(2),CACF
O0;4
(1q, 2q¯, 3±) + C2FR
(2),C2F
O0;4
(1q, 2q¯, 3±) . (47)
Each term is a non-trivial functions in terms of 2d Harmonic polylogarithms. We express the result in a basis of 2d
11
Harmonic polylogarithms [63]: G(~m(z); y) and G(~m; z), where y = v = s23q2 , z = w =
s13
q2 . Explicitly, they are:
R
(2),C2A
O0;4
=
4
3
G(0, z)G(1, z)3−
3
2
G(0, z)2G(1, z)2+2G(−z, y)2G(1, z)2− 2G(0, z)G(−z, y)G(1, z)2−
4
3
G(−z, y)3G(1, z)
− 4G(0, 0,−z, y)G(1, z) + 2G(−z, 0, 1− z, y)G(1, z)− 3G(0, 1, z)2 +G(0, y)2
(
−
3
2
G(0, z)2 +G(1, z)G(0, z)
+
1
2
G(1, z)2+
1
2
G(1− z, y)2+G(1, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y))+ (G(0, z) +G(1, z))G(1− z, y)
)
+G(1− z, y)2
(
1
2
G(0, z)2 + 2G(1, z)G(0, z)− 2G(1, z)G(−z, y)
)
+G(1− z, y)
(
−G(1, z)G(0, z)2 + 4G(1, z)2G(0, z)− 2G(1, z)G(−z, y)G(0, z) + 4G(1, z)G(−z, y)2
)
+G(0, y)
(
3G(1, z)G(0, z)2− 2G(1, z)2G(0, z)−G(1− z, y)2G(0, z)+
(
2G(0, z)G(1, z)− 2G(1, z)2
)
G(−z, y)
+G(1− z, y)
(
G(0, z)2 − 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)
))
+G(1, y)
(
G(1− z, y)(2G(1, z)G(−z, y)− 2G(0, z)G(1, z))−G(0, z)G(1, z)2
)
+
(
−3G(1, z)2 + 8G(−z, y)G(1, z)− 4G(1− z, y)2 − 4G(−z, y)2 +G(0, y)(−4G(0, z)− 2G(1, z))
+G(1, y)(2G(0, z) + 4G(1, z) + 4G(1− z, y)) +G(1− z, y)(8G(−z, y)− 8G(1, z))
)
G(0, 1, z)
+ (−2G(0, y)G(0, z)− 2G(1, y)G(0, z) + 4G(1, z)G(0, z)− 2G(1, z)G(−z, y)− 2G(0, 1, z))G(0, 1− z, y)
+ (2G(0, y)G(1, z)− 2G(0, z)G(1, z) + 2G(1, y)G(1, z))G(0,−z, y) +G(0, 1, y)(2G(0, z)G(1− z, y)
+G(0, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))− 2G(1, z)G(−z, y)− 2G(−z, 1− z, y))
+G(1− z, 1, y)(2G(0, z)G(1, z)− 2G(−z, y)G(1, z) +G(0, y)(−2G(0, z) + 4G(1, z) + 4G(1− z, y))
− 4G(0, 1, z)− 2G(−z, 1− z, y)) +
(
−2G(1− z, y)2 + (4G(1, z)− 2G(0, z))G(1− z, y)− 2G(0, z)G(1, z)
+G(0, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y)) +G(1, y)(2G(1− z, y)− 2G(1, z))
)
G(−z, 1− z, y)
+ (4G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 0, 1, y)
+ (6G(0, y) + 2G(0, z)− 6G(1, y) + 10G(1, z) + 8G(1− z, y)− 8G(−z, y))G(0, 0, 1, z)
+4G(0, z)G(0, 0, 1−z, y)+(6G(0, y)+4G(0, z)−6G(1, y)+4G(1, z)+8G(1−z, y)−8G(−z, y))G(0, 1, 1, z)
+ (2G(0, z)− 4G(1, z)− 4G(1− z, y))G(0, 1− z, 1, y) + 4G(0, z)G(0, 1− z, 1− z, y)
+ (2G(0, y)− 2G(0, z) + 2G(1, y) + 2G(1, z))G(0,−z, 1− z, y)
+ (−2G(0, y)− 4G(1, z)− 4G(1− z, y))G(1− z, 0, 1, y)− 4G(0, y)G(1− z, 1− z, 1, y)
+ (2G(1, z) + 2G(1 − z, y))G(−z, 0, 1, y) + (2G(1, z) + 2G(1− z, y))G(−z, 1− z, 1, y)
+ (−4G(1, y)− 4G(1, z) + 8G(1− z, y))G(−z, 1− z, 1− z, y) + 8G(1 − z, y)G(−z,−z, 1− z, y)
− 12G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, z)− 4G(0, 0,−z, 1− z, y)− 2G(0, 1, 1, 1, z) + 2G(0, 1− z, 0, 1, y)
+ 4G(0, 1− z, 1− z, 1, y)− 2G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 0, 1, y) + 4G(1− z, 0, 1− z, 1, y)
+ 4G(1− z, 1− z, 0, 1, y)− 2G(1− z,−z, 0, 1, y)− 2G(1− z,−z, 1− z, 1, y)− 12G(−z, 1− z, 1− z, 1− z, y)
− 8G(−z,−z, 1− z, 1− z, y)− 8G(−z,−z,−z, 1− z, y) +
(
−3G(1, z)2+ 3G(0, z)G(1, z)+ 2G(−z, y)G(1, z)
− 4G(1− z, y)2 + (3G(0, z)− 8G(1, z))G(1− z, y) +G(1, y)(−2G(0, z) + 2G(1, z) + 2G(1− z, y))
+G(0, y)(−G(0, z) +G(1, z) + 3G(1− z, y))− 2G(0, 1− z, y)− 2G(1− z, 1, y) + 2G(−z, 1− z, y)
)
ζ(2)
+
119ζ(4)
8
+ (−7G(0, y)− 7G(0, z) + 6G(1, y) + 7G(1, z) +G(1− z, y))ζ(3) ,
(48)
12
R
(2),CACF
O0;4
= −
4
3
G(0, z)G(1, z)3 + 3G(0, z)2G(1, z)2 − 8G(0, 0,−z, y)G(1, z)− 10G(−z, 0, 1− z, y)G(1, z)
− 2G(0, 1, y)2 + 11G(0, 1, z)2 +
(
2G(0, z)2G(1, z)− 2G(0, z)G(1, z)2
)
G(1− z, y)
+G(0, y)2
(
3G(0, z)2−2G(1, z)G(0, z)−2G(1−z, y)G(0, z)+G(1, y)(−4G(0, z)+4G(1, z)+4G(1−z, y))
)
+G(0, y)
(
−6G(1, z)G(0, z)2 + 3G(1, z)2G(0, z) +
(
4G(0, z)G(1, z)− 2G(0, z)2
)
G(1− z, y)
+G(1, y)(2G(0, z)G(1, z) + 2G(0, z)G(1− z, y))
)
+G(1, y)
(
3G(0, z)G(1, z)2 +G(1− z, y)(6G(0, z)G(1, z)− 10G(1, z)G(−z, y))
)
+
(
−2G(0, y)2 + (8G(0, z)− 4G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 5G(1, z)2 − 8G(0, z)G(1, z)
+G(1, y)(−6G(0, z)− 16G(1, z)− 16G(1− z, y)) + (−4G(0, z)− 4G(1, z))G(1− z, y)
)
G(0, 1, z)
+
(
−2G(0, z)2 + 2G(0, y)G(0, z) + 6G(1, y)G(0, z) + 8G(1− z, y)G(0, z) + 10G(1, z)G(−z, y)
+ 2G(0, 1, z)
)
G(0, 1− z, y) + (2G(0, y)G(1, z)− 2G(0, z)G(1, z)− 10G(1, y)G(1, z))G(0,−z, y)
+G(1, y)(10G(1, z)− 10G(1− z, y))G(−z, 1− z, y)
+G(1− z, 1, y)
(
−2G(0, y)2 + (2G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, y)− 6G(0, z)G(1, z)
+ 10G(1, z)G(−z, y) + 16G(0, 1, z) + 10G(−z, 1− z, y)
)
+G(0, 1, y)(−2G(0, z)G(1, z)+10G(−z, y)G(1, z)+G(0, y)(6G(0, z)− 4G(1, y)−6G(1, z)−6G(1− z, y))
− 8G(0, z)G(1− z, y) + 4G(0, 1, z)− 8G(1− z, 1, y) + 10G(−z, 1− z, y))
+ (4G(0, y)− 4G(0, z) + 8G(1, y) + 4G(1, z) + 4G(1− z, y))G(0, 0, 1, y)
+ (−10G(0, y) + 6G(0, z) + 22G(1, y) + 2G(1, z) + 4G(1− z, y))G(0, 0, 1, z)− 4G(0, z)G(0, 0, 1− z, y)
+ 8G(0, y)G(0, 1, 1, y) + (−26G(0, y) + 26G(1, y) + 28G(1, z) + 12G(1− z, y))G(0, 1, 1, z)
+ (−4G(0, y)− 2G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, 1− z, 1, y)
− 16G(0, z)G(0, 1− z, 1− z, y) + (2G(0, y)− 2G(0, z)− 10G(1, y)− 10G(1, z))G(0,−z, 1− z, y)
+ (2G(0, y) + 4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(1− z, 0, 1, y) + 12G(0, y)G(1− z, 1, 1, y)
+ 16G(0, y)G(1− z, 1− z, 1, y) + (−10G(1, z)− 10G(1− z, y))G(−z, 0, 1, y)
+ (−10G(1, z)− 10G(1− z, y))G(−z, 1− z, 1, y) + 20G(1, y)G(−z, 1− z, 1− z, y)
− 12G(0, 0, 0, 1, y)− 20G(0, 0, 0, 1, z)− 8G(0, 0, 1, 1, y)− 28G(0, 0, 1, 1, z) + 12G(0, 0, 1− z, 1, y)
− 8G(0, 0,−z, 1− z, y)− 46G(0, 1, 1, 1, z) + 8G(0, 1, 1− z, 1, y) + 6G(0, 1− z, 0, 1, y)
+ 4G(0, 1− z, 1, 1, y)− 16G(0, 1− z, 1− z, 1, y) + 10G(0, 1− z,−z, 1− z, y) + 4G(1− z, 0, 1, 1, y)
− 16G(1− z, 0, 1− z, 1, y)− 16G(1− z, 1− z, 0, 1, y)+ 10G(1− z,−z, 0, 1, y)+ 10G(1− z,−z, 1− z, 1, y)
+
(
−2G(0, y)2 + (−8G(0, z) + 2G(1, y) + 10G(1, z) + 4G(1− z, y))G(0, y)− 2G(0, z)2 − 5G(1, z)2
+ 6G(0, z)G(1, z) +G(1, y)(6G(0, z)− 6G(1, z)− 6G(1− z, y)) + (4G(0, z)− 4G(1, z))G(1− z, y)
− 2G(0, 1, y) + 2G(0, 1− z, y) + 2G(1− z, 1, y)
)
ζ(2)
−
311ζ(4)
4
+ (22G(0, y) + 22G(0, z)− 18G(1, y)− 52G(1, z)− 34G(1− z, y))ζ(3) ,
(49)
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R
(2),C2F
O0;4
=
(
−G(0, z)2+2G(1, z)G(0, z)+ 2G(1− z, y)G(0, z)+ 2G(1, y)2+G(1, y)(−4G(1, z)− 4G(1− z, y))
)
G(0, y)2
+
(
−
4
3
G(1, y)3 − 2G(0, z)G(1, z)2 + 2G(0, z)2G(1, z) +
(
2G(0, z)2 − 4G(0, z)G(1, z)
)
G(1 − z, y)
)
G(0, y)
− 12G(1− z, 1, 1, y)G(0, y)− 16G(1− z, 1− z, 1, y)G(0, y)−G(0, z)2G(1, z)2
+ 2G(0, 1, y)2 − 8G(0, 1, z)2 +
(
2G(0, z)G(1, z)2 − 2G(0, z)2G(1, z)
)
G(1− z, y)
+G(1, y)
(
G(1− z, y)(8G(1, z)G(−z, y)− 4G(0, z)G(1, z))− 2G(0, z)G(1, z)2
)
+
(
2G(0, y)2 + (−4G(0, z) + 4G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 8G(1, z)2 + 8G(0, z)G(1, z)
+ (4G(0, z) + 4G(1, z))G(1− z, y) +G(1, y)(4G(0, z) + 12G(1, z) + 12G(1− z, y))
)
G(0, 1, z)
+
(
2G(0, z)2 − 4G(0, y)G(0, z)− 4G(1, y)G(0, z)− 8G(1− z, y)G(0, z)− 8G(1, z)G(−z, y)
)
G(0, 1− z, y)
+ 8G(1, y)G(1, z)G(0,−z, y)
+G(1− z, 1, y)
(
2G(0, y)2 + (−4G(0, z) + 4G(1, y) + 8G(1, z) + 8G(1− z, y))G(0, y) + 4G(0, z)G(1, z)
− 8G(1, z)G(−z, y)− 12G(0, 1, z)− 8G(−z, 1− z, y)
)
+G(0, 1, y)
(
4G(1, y)2+4G(0, z)G(1− z, y)+G(0, y)(4G(1, y)+4G(1, z)+4G(1− z, y))− 8G(1, z)G(−z, y)
− 4G(0, 1, z) + 8G(1− z, 1, y)− 8G(−z, 1− z, y)
)
+G(1, y)(8G(1− z, y)− 8G(1, z))G(−z, 1− z, y)
+(−8G(0, y)−16G(1, y))G(0, 0, 1, y)+(4G(0, y)−8G(0, z)−16G(1, y)−12G(1, z)−4G(1−z, y))G(0, 0, 1, z)
+ 4G(0, z)G(0, 0, 1− z, y) + 8G(1, z)G(0, 0,−z, y) + (−8G(0, y)− 8G(1, y))G(0, 1, 1, y)
+ (20G(0, y)− 4G(0, z)− 20G(1, y)− 32G(1, z)− 12G(1− z, y))G(0, 1, 1, z)
+ (4G(0, y) + 4G(0, z)− 4G(1, y)− 8G(1, z)− 8G(1− z, y))G(0, 1− z, 1, y) + 16G(0, z)G(0, 1− z, 1− z, y)
+ (8G(1, y) + 8G(1, z))G(0,−z, 1− z, y) + (−4G(1, y)− 8G(1, z)− 8G(1− z, y))G(1− z, 0, 1, y)
+ (8G(1, z) + 8G(1− z, y))G(−z, 0, 1, y) + 8G(1, z)G(−z, 0, 1− z, y)
+ (8G(1, z) + 8G(1− z, y))G(−z, 1− z, 1, y)− 16G(1, y)G(−z, 1− z, 1− z, y) + 24G(0, 0, 0, 1, y)
+ 32G(0, 0, 0, 1, z) + 16G(0, 0, 1, 1, y) + 36G(0, 0, 1, 1, z)− 12G(0, 0, 1− z, 1, y) + 8G(0, 0,−z, 1− z, y)
+ 8G(0, 1, 1, 1, y) + 48G(0, 1, 1, 1, z)− 8G(0, 1, 1− z, 1, y)− 8G(0, 1− z, 0, 1, y)− 4G(0, 1− z, 1, 1, y)
+ 16G(0, 1− z, 1− z, 1, y)− 8G(0, 1− z,−z, 1− z, y)− 4G(1− z, 0, 0, 1, y)− 4G(1− z, 0, 1, 1, y)
+ 16G(1− z, 0, 1− z, 1, y) + 16G(1− z, 1− z, 0, 1, y)− 8G(1− z,−z, 0, 1, y)− 8G(1− z,−z, 1− z, 1, y)
+
(
2G(0, y)2 + (12G(0, z)− 8G(1, y)− 8G(1, z)− 4G(1− z, y))G(0, y) + 2G(0, z)2 + 4G(1, y)2 + 8G(1, z)2
− 12G(0, z)G(1, z) + (4G(1, z)− 4G(0, z))G(1− z, y) +G(1, y)(−4G(0, z) + 4G(1, z) + 4G(1− z, y))
)
ζ(2)
+ 69ζ(4) + (−16G(0, y)− 16G(0, z) + 12G(1, y) + 44G(1, z) + 32G(1− z, y))ζ(3) .
(50)
Although each terms is very complicated, the sum of the three terms (or equivalently, by changing CF to be CA) is
remarkably simple as given in (21), which is expressed in terms of only classical polylogarithms.
Next, we give the result of R
(2)
ψ¯ψ;4
(1q, 2q¯, 3±). It has the same color structure as previous case, and we also express
the result in the same basis of 2d Harmonic polylogarithms:
R
(2)
ψ¯ψ;4
(1q, 2q¯, 3±) = C2AR
(2),C2A
ψ¯ψ;4
(1q, 2q¯, 3±) + CACFR
(2),CACF
ψ¯ψ;4
(1q, 2q¯, 3±) + C2FR
(2),C2F
ψ¯ψ;4
(1q, 2q¯, 3±) , (51)
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where
R
(2),C2A
ψ¯ψ;4
= −G(0, z)G(1, z)3 +
1
2
G(0, z)2G(1, z)2 +
8
3
G(−z, y)3G(1, z)− 2G(0, z)G(−z, y)2G(1, z)
+ 8G(0, 0,−z, y)G(1, z) + 2G(−z, 0, 1− z, y)G(1, z) +G(0, 1, z)2 + 4G(−z, 1− z, y)2
+G(0, y)2
(
1
2
G(0, z)2 −G(1, z)G(0, z) +
1
2
G(1, z)2 +
1
2
G(1 − z, y)2 + (G(1, z)−G(0, z))G(1− z, y)
)
+G(1− z, y)2
(
1
2
G(0, z)2 − 2G(1, z)G(0, z)− 2G(1, z)G(−z, y)
)
+G(1− z, y)
(
G(1, z)G(0, z)2 − 3G(1, z)2G(0, z) + 2G(1, z)G(−z, y)G(0, z)− 4G(1, z)G(−z, y)2
)
+G(1, y)
(
G(1− z, y)(2G(1, z)G(−z, y)− 2G(0, z)G(1, z))−G(0, z)G(1, z)2
)
+G(0, y)
(
−G(1, z)G(0, z)2 +G(1, z)2G(0, z) +G(1− z, y)2G(0, z) + 2G(1, z)G(−z, y)G(0, z)
− 2G(1, z)G(−z, y)2 +G(1 − z, y)
(
−G(0, z)2 + 2G(1, z)G(0, z) + 2G(1, z)G(−z, y)
))
+
(
G(1, z)2 + 4G(0, z)G(1, z) + 8G(−z, y)2 +G(1, y)(2G(0, z) + 4G(1, z) + 4G(1− z, y))
+G(1−z, y)(4G(0, z)−8G(−z, y))+G(0, y)(2G(0, z)−2G(1, z)−4G(−z, y))−4G(0, z)G(−z, y)
)
G(0, 1, z)
+ (−2G(0, z)G(1, y)− 2G(0, z)G(1, z)− 2G(0, z)G(1− z, y)− 2G(1, z)G(−z, y)− 2G(0, 1, z))G(0, 1− z, y)
+ (−4G(0, y)G(1, z) + 4G(0, z)G(1, z) + 2G(1, y)G(1, z))G(0,−z, y)
+G(0, 1, y)(2G(0, z)G(1− z, y)− 2G(1, z)G(−z, y)− 2G(−z, 1− z, y)) +G(1− z, 1, y)(2G(0, z)G(1, z)
− 2G(−z, y)G(1, z) +G(0, y)(−2G(1, z)− 2G(1− z, y))− 4G(0, 1, z)− 2G(−z, 1− z, y))
+
(
−2G(1− z, y)2 + (2G(0, z) + 4G(1, z))G(1− z, y)− 2G(0, z)G(1, z) +G(1, y)(2G(1 − z, y)− 2G(1, z))
+G(0, y)(2G(0, z)− 2G(1, z) + 2G(1− z, y)) + 8G(1, z)G(−z, y) + 8G(0, 1, z)
)
G(−z, 1− z, y)
+ (−8G(0, z)− 6G(1, y)− 10G(1, z)− 12G(1− z, y) + 16G(−z, y))G(0, 0, 1, z)
+ (−4G(0, z)− 6G(1, y) + 2G(1, z) + 6G(1 − z, y))G(0, 1, 1, z)
+ (4G(0, y) + 2G(1, z) + 2G(1− z, y))G(0, 1− z, 1, y)
+ (−4G(0, y) + 4G(0, z) + 2G(1, y) + 2G(1, z))G(0,−z, 1− z, y)
+ (2G(0, y)− 2G(0, z) + 2G(1, z) + 2G(1− z, y))G(1− z, 0, 1, y)
+ (2G(1, z) + 2G(1 − z, y))G(−z, 0, 1, y) + (2G(1, z) + 2G(1− z, y))G(−z, 1− z, 1, y)
+ (−4G(0, y)− 4G(0, z)− 4G(1, y)− 4G(1, z) + 8G(1− z, y))G(−z, 1− z, 1− z, y)
+ (−4G(0, y)− 4G(0, z)− 8G(1, z)− 8G(1 − z, y))G(−z,−z, 1− z, y) + 24G(0, 0, 0, 1, z)
+ 8G(0, 0, 1, 1, z)− 8G(0, 0, 1− z, 1, y) + 8G(0, 0,−z, 1− z, y)− 6G(0, 1, 1, 1, z)
− 6G(0, 1− z, 0, 1, y)− 2G(0, 1− z,−z, 1− z, y)− 4G(1− z, 0, 0, 1, y)− 2G(1− z,−z, 0, 1, y)
− 2G(1− z,−z, 1− z, 1, y)− 12G(−z, 1− z, 1− z, 1− z, y) + 16G(−z,−z,−z, 1− z, y)
+
(
G(1, z)2−G(0, z)G(1, z)+2G(−z, y)G(1, z)+G(0, y)(3G(0, z)−3G(1, z)−G(1−z, y))−G(0, z)G(1−z, y)
+G(1, y)(−2G(0, z) + 2G(1, z) + 2G(1− z, y))− 2G(0, 1− z, y)− 2G(1− z, 1, y) + 2G(−z, 1− z, y)
)
ζ(2)
+
39ζ(4)
8
+ (−G(0, y)−G(0, z) + 6G(1, y)− 5G(1, z)− 11G(1− z, y))ζ(3) ,
(52)
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R
(2),CACF
ψ¯ψ;4
=
7
3
G(0, z)G(1, z)3 − 2G(0, z)G(−z, y)G(1, z)2 −
20
3
G(−z, y)3G(1, z)− 20G(0, 0,−z, y)G(1, z)
+
(
6G(0, z)G(1, z)− 2G(1, z)2
)
G(−z, y)2 + 2G(0, 1, y)2 +G(0, 1, z)2 − 12G(−z, 1− z, y)2
+G(0, y)2
(
−2G(1, z)2 + 2G(0, z)G(1, z)− 2G(1− z, y)2 + (2G(0, z)− 4G(1, z))G(1− z, y)
+G(1, y)(−2G(0, z) + 2G(1, z) + 2G(1− z, y))
)
+G(1− z, y)2
(
−2G(0, z)2 + 4G(1, z)G(0, z) + 8G(1, z)G(−z, y)
)
+G(1− z, y)
(
−2G(1, z)G(0, z)2 + 9G(1, z)2G(0, z)− 4G(1, z)G(−z, y)G(0, z) + 8G(1, z)G(−z, y)2
)
+G(1, y)
(
G(0, z)G(1, z)2 +G(1 − z, y)(2G(0, z)G(1, z)− 6G(1, z)G(−z, y))
)
+G(0, y)
(
−2G(0, z)G(1, z)2 + 2G(−z, y)G(1, z)2 + 6G(−z, y)2G(1, z)− 2G(0, z)G(1− z, y)2
+G(1, y)(2G(0, z)G(1, z) + 2G(0, z)G(1− z, y))
+G(1 − z, y)
(
2G(0, z)2 − 6G(1, z)G(0, z)− 4G(1, z)G(−z, y)
))
+
(
−G(1, z)2−4G(0, z)G(1, z)+4G(1−z, y)2−20G(−z, y)2+G(1, y)(−2G(0, z)−8G(1, z)−8G(1−z, y))
+ 4G(0, z)G(−z, y) +G(0, y)(−2G(0, z)− 4G(1, y) + 6G(1, z) + 4G(1− z, y) + 4G(−z, y))
+G(1− z, y)(16G(−z, y)− 8G(0, z))
)
G(0, 1, z) + (−4G(0, y)G(0, z) + 2G(1, y)G(0, z)
+ 14G(1, z)G(0, z) + 6G(1− z, y)G(0, z) + 6G(1, z)G(−z, y)− 6G(0, 1, z))G(0, 1− z, y)
+ (8G(0, y)G(1, z)− 16G(0, z)G(1, z)− 6G(1, y)G(1, z) + 8G(0, 1, z))G(0,−z, y)
+
(
8G(1− z, y)2 + (−4G(0, z)− 16G(1, z))G(1− z, y) +G(1, y)(6G(1, z)− 6G(1− z, y))
+G(0, y)(8G(1, z)− 4G(1− z, y))− 24G(1, z)G(−z, y)− 16G(0, 1, z)
)
G(−z, 1− z, y)
+G(1− z, 1, y)(−2G(0, z)G(1, z) + 6G(−z, y)G(1, z)
+G(0, y)(−4G(0, z)− 4G(1, y) + 2G(1, z) + 2G(1− z, y)) + 8G(0, 1, z) + 6G(−z, 1− z, y))
+G(0, 1, y)(−2G(0, z)G(1, z)+ 6G(−z, y)G(1, z)+G(0, y)(2G(0, z)+ 4G(1, y)− 2G(1, z)− 2G(1− z, y))
−4G(0, z)G(1−z, y)+4G(0, 1, z)−12G(1−z, 1, y)+6G(−z, 1−z, y))+(−4G(0, y)−8G(1, y))G(0, 0, 1, y)
+ (8G(0, z) + 10G(1, y) + 6G(1, z) + 20G(1− z, y)− 24G(−z, y))G(0, 0, 1, z) + 12G(0, z)G(0, 0, 1− z, y)
− 8G(0, y)G(0, 1, 1, y) + (−4G(0, z) + 14G(1, y)− 10G(1, z)− 18G(1− z, y))G(0, 1, 1, z)
+ (−4G(0, y) + 4G(0, z) + 4G(1, y)− 2G(1, z)− 2G(1− z, y))G(0, 1− z, 1, y)
− 4G(0, z)G(0, 1− z, 1− z, y) + (8G(0, y)− 16G(0, z)− 6G(1, y)− 6G(1, z))G(0,−z, 1− z, y)
+ (−2G(0, y) + 6G(0, z) + 4G(1, y)− 2G(1, z)− 2G(1− z, y))G(1− z, 0, 1, y) + 16G(0, y)G(1− z, 1, 1, y)
+ 4G(0, y)G(1− z, 1− z, 1, y) + (−8G(0, y)− 6G(1, z)− 6G(1− z, y))G(−z, 0, 1, y)
+ (−8G(0, z)− 6G(1, z))G(−z, 0, 1− z, y) + (−8G(0, y)− 6G(1, z)− 6G(1− z, y))G(−z, 1− z, 1, y)
+ (12G(0, y) + 12G(0, z) + 12G(1, y) + 16G(1, z)− 32G(1− z, y))G(−z, 1− z, 1− z, y)
+ (12G(0, y) + 12G(0, z) + 24G(1, z) + 16G(1− z, y))G(−z,−z, 1− z, y) + 12G(0, 0, 0, 1, y)
− 24G(0, 0, 0, 1, z) + 8G(0, 0, 1, 1, y) + 8G(0, 0, 1− z, 1, y)− 20G(0, 0,−z, 1− z, y) + 22G(0, 1, 1, 1, z)
+ 12G(0, 1, 1− z, 1, y) + 6G(0, 1− z, 0, 1, y) + 8G(0, 1− z, 1, 1, y)− 4G(0, 1− z, 1− z, 1, y)
+ 6G(0, 1− z,−z, 1− z, y) + 8G(0,−z, 0, 1, y) + 8G(0,−z, 1− z, 1, y) + 4G(1− z, 0, 0, 1, y)
+ 8G(1− z, 0, 1, 1, y)− 4G(1− z, 0, 1− z, 1, y)− 4G(1− z, 1− z, 0, 1, y) + 6G(1− z,−z, 0, 1, y)
+ 6G(1− z,−z, 1− z, 1, y) + 16G(−z, 0, 0, 1, y) + 8G(−z, 0, 1− z, 1, y) + 8G(−z, 1− z, 0, 1, y)
+ 48G(−z, 1− z, 1− z, 1− z, y) + 8G(−z,−z, 1− z, 1− z, y)− 40G(−z,−z,−z, 1− z, y)
+
(
−G(1, z)2 − 2G(0, z)G(1, z) + 4G(1− z, y)2 +G(1, y)(2G(0, z)− 2G(1, z)− 2G(1− z, y))
+ 4G(0, z)G(1− z, y) +G(0, y)(−6G(1, y) + 6G(1, z) + 4G(1− z, y)) + 6G(0, 1, y)− 6G(0, 1− z, y)
− 6G(1 − z, 1, y)
)
ζ(2) +
93ζ(4)
4
+ (−22G(1, y)− 4G(1, z) + 18G(1− z, y))ζ(3) ,
(53)
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R
(2),C2F
ψ¯ψ;4
= −
4
3
G(0, z)G(1, z)3 − 2G(0, z)G(1− z, y)G(1, z)2 +
8
3
G(−z, y)3G(1, z)
+ 4G(1, y)G(1− z, y)G(−z, y)G(1, z) + 8G(0, 0,−z, y)G(1, z)
+
(
4G(1, z)2 − 4G(0, z)G(1, z)
)
G(−z, y)2 − 2G(0, 1, y)2 − 2G(0, 1, z)2 + 8G(−z, 1− z, y)2
+G(0, y)2
(
2G(1, y)2+ (−4G(1, z)− 4G(1− z, y))G(1, y) + 2G(1, z)2+2G(1− z, y)2+4G(1, z)G(1− z, y)
)
+G(1− z, y)2
(
2G(0, z)2 − 8G(1, z)G(−z, y)
)
+G(0, y)
(
−
4
3
G(1, y)3 − 4G(1, z)G(−z, y)2 − 4G(1, z)2G(−z, y)
)
+
(
−8G(1−z, y)2+(4G(0, z)−8G(1, z))G(1−z, y)+8G(−z, y)2+G(0, y)(4G(1, y)−4G(1, z)−4G(1−z, y))
+G(1, y)(4G(1, z) + 4G(1− z, y)) + 8G(1, z)G(−z, y)
)
G(0, 1, z)
+ (−8G(0, z)G(1, z)− 4G(−z, y)G(1, z)− 4G(0, z)G(1− z, y) + 8G(0, 1, z))G(0, 1− z, y)
+ (8G(0, z)G(1, z) + 4G(1, y)G(1, z)− 8G(0, 1, z))G(0,−z, y)
+G(1−z, 1, y)(G(0, y)(4G(1, y)+4G(1, z)+4G(1−z, y))−4G(1, z)G(−z, y)−4G(0, 1, z)−4G(−z, 1−z, y))
+G(0, 1, y)
(
4G(1, y)2 +G(0, y)(−4G(1, y) + 4G(1, z) + 4G(1− z, y))− 4G(1, z)G(−z, y)− 4G(0, 1, z)
+ 12G(1− z, 1, y)− 4G(−z, 1− z, y)
)
+
(
−8G(1− z, y)2 + 16G(1, z)G(1− z, y)− 8G(0, y)G(1, z)
+G(1, y)(4G(1 − z, y)− 4G(1, z)) + 16G(1, z)G(−z, y) + 8G(0, 1, z)
)
G(−z, 1− z, y)
+ (4G(1, z)− 4G(1, y))G(0, 0, 1, z)− 8G(0, z)G(0, 0, 1− z, y) + (8G(0, y)− 8G(1, y))G(0, 1, 1, y)
+ (8G(0, z)− 8G(1, y) + 8G(1, z) + 20G(1− z, y)− 8G(−z, y))G(0, 1, 1, z)
+ (−4G(1, y)− 4G(1, z)− 4G(1− z, y))G(0, 1− z, 1, y) + 8G(0, z)G(0, 1− z, 1− z, y)
+ (8G(0, z) + 4G(1, y) + 4G(1, z))G(0,−z, 1− z, y) + (−4G(1, y)− 4G(1, z)− 4G(1− z, y))G(1− z, 0, 1, y)
− 16G(0, y)G(1− z, 1, 1, y)− 8G(0, y)G(1− z, 1− z, 1, y)+ (8G(0, y)+ 4G(1, z)+ 4G(1− z, y))G(−z, 0, 1, y)
+ (8G(0, z) + 4G(1, z))G(−z, 0, 1− z, y) + (8G(0, y) + 4G(1, z) + 4G(1− z, y))G(−z, 1− z, 1, y)
+ (−8G(0, y)− 8G(0, z)− 8G(1, y)− 16G(1, z) + 32G(1− z, y))G(−z, 1− z, 1− z, y)
+ (−8G(0, y)− 8G(0, z)− 16G(1, z))G(−z,−z, 1− z, y)− 8G(0, 0, 1, 1, z) + 8G(0, 0,−z, 1− z, y)
+ 8G(0, 1, 1, 1, y)− 16G(0, 1, 1, 1, z)− 12G(0, 1, 1− z, 1, y)− 8G(0, 1− z, 1, 1, y)
+ 8G(0, 1− z, 1− z, 1, y)− 4G(0, 1− z,−z, 1− z, y)− 8G(0,−z, 0, 1, y)− 8G(0,−z, 1− z, 1, y)
− 8G(1− z, 0, 1, 1, y) + 8G(1− z, 0, 1− z, 1, y) + 8G(1− z, 1− z, 0, 1, y)− 4G(1− z,−z, 0, 1, y)
− 4G(1− z,−z, 1− z, 1, y)− 16G(−z, 0, 0, 1, y)− 8G(−z, 0, 1− z, 1, y)− 8G(−z, 1− z, 0, 1, y)
− 48G(−z, 1− z, 1− z, 1− z, y)− 16G(−z,−z, 1− z, 1− z, y) + 16G(−z,−z,−z, 1− z, y)
+
(
4G(1, y)2 − 8G(1− z, y)2 − 8G(1, z)G(1− z, y)− 8G(0, 1, y) + 8G(0, 1− z, y) + 8G(1− z, 1, y)
)
ζ(2)
− 22ζ(4) + (16G(1, y) + 8G(1, z)− 8G(1− z, y))ζ(3) .
(54)
We can see that each term of R
(2)
ψ¯ψ;4
is quite different from the previous case of R
(2),C2F
O0;4
(note that both results are
expressed in the same set of independent functional basis). However, it is quite remarkable that the sum of the three
terms is the same, as given in (23).
Finally, we give the result of R
(2)
O4;4
(1q, 2q¯, 3±) for the length-3 operator O4 ∼ FµνD
µ(ψ¯γνψ). It also has the same
17
color structure as previous case, and in the basis of 2d Harmonic polylogarithms we have:
R
(2),C2A
O4;4
= ζ(2)
(
G(0, y)(3G(1− z, y)− 2G(0, z) + 3G(1, z))−G(1 − z, y)2 + (3G(0, z)− 4G(1, z))G(1− z, y)
− 2G(0, 1− z, y)− 2G(1− z, 1, y)−
1
2
G(0, y)2 −
1
2
G(0, z)2 − 2G(1, z)2 + 3G(0, z)G(1, z)− 2G(0, 1, z)
)
+ ζ(3)(11G(1− z, y)− 6G(0, y)− 6G(0, z) + 11G(1, z))− 3G(1, z)G(0, 0,−z, y)
+
(
1
4
G(0, z)2 +
1
2
G(1, z)G(0, z)
)
G(1− z, y)2 +
(
3
2
G(0, z)G(1, z)2 −
1
2
G(0, z)2G(1, z)
)
G(1 − z, y)
+G(0, y)2
(
1
4
G(1− z, y)2+
(
1
2
G(0, z)+
1
2
G(1, z)
)
G(1− z, y)−
1
4
G(0, z)2+
1
2
G(1, z)G(0, z)+
1
4
G(1, z)2
)
+G(0, y)
(
−G(0, z)G(1− z, y)2 +
(
1
2
G(0, z)2 − 2G(0, z)G(1, z)
)
G(1 − z, y) +
1
2
G(1, z)G(0, z)2
−G(1, z)2G(0, z)
)
+G(0, 1, z)
(
G(0, y)(G(1− z, y) +G(1, z))−
1
2
G(1− z, y)2 − 3G(1, z)G(1− z, y)−G(0, y)2 −
3
2
G(1, z)2
)
+
(
G(0, z)G(1− z, y)−G(0, z)2 + 2G(1, z)G(0, z)− 2G(0, 1, z)
)
G(0, 1− z, y)
+
(
−G(0, y)2 − 2G(0, 1, y)
)
G(1− z, 1, y) +G(0, 0, 1, z)(2G(1− z, y) +G(0, y) + 2G(1, z))
+G(0, z)G(0, 0, 1− z, y) +G(0, 1, 1, z)(3G(1− z, y)−G(0, y) + 3G(1, z))−G(0, z)G(0, 1− z, 1− z, y)
+ 2G(0, y)G(1− z, 1, 1, y) +G(0, y)G(1 − z, 1− z, 1, y) + 2G(0, 0, 1− z, 1, y)− 3G(0, 0,−z, 1− z, y)
+ 2G(0, 1, 1− z, 1, y) + 2G(0, 1− z, 0, 1, y) + 2G(0, 1− z, 1, 1, y)−G(0, 1− z, 1− z, 1, y)
+ 2G(1− z, 0, 0, 1, y) + 2G(1− z, 0, 1, 1, y)−G(1 − z, 0, 1− z, 1, y)−G(1− z, 1− z, 0, 1, y)
+
1
2
G(0, z)G(1, z)3 −
1
4
G(0, z)2G(1, z)2 − 3G(0, 0, 0, 1, z)− 2G(0, 0, 1, 1, z)− 3G(0, 1, 1, 1, z)−
27ζ(4)
8
,
(55)
R
(2),CACF
O4;4
= ζ(2)
(
G(0, y)(−2G(1− z, y)− 2G(1, z)) + (2G(1, z)− 2G(0, z))G(1− z, y) + 2G(0, 1− z, y)
+ 2G(1− z, 1, y) +G(0, y)2 +G(0, z)2 +G(1, z)2 − 2G(0, z)G(1, z) + 2G(0, 1, z)
)
+ ζ(3)(−38G(1− z, y) + 6G(0, y) + 6G(0, z)− 38G(1, z))
+G(0, y)2
(
−G(1, z)G(1− z, y)−
1
2
G(1− z, y)2 −
1
2
G(1, z)2
)
− 2G(0, y)G(0, 1, 1, z)
− 2G(0, y)G(1− z, 1, 1, y) + 2G(0, y)G(1− z, 1− z, 1, y) +
(
G(0, z)G(1, z)−
1
2
G(0, z)2
)
G(1 − z, y)2
+G(0, 1, z)
(
G(0, y)(2G(1− z, y) + 2G(1, z))−G(1 − z, y)2 +G(0, y)2
)
+
(
2G(0, z)G(1− z, y) +G(0, z)2 − 2G(1, z)G(0, z) + 2G(0, 1, z)
)
G(0, 1− z, y)
+
(
G(0, y)2 + 2G(0, 1, y)
)
G(1 − z, 1, y) +G(0, 0, 1, z)(−2G(1− z, y)− 4G(0, y)− 2G(1, z))
− 4G(0, z)G(0, 0, 1− z, y) + 6G(1, z)G(0, 0,−z, y)− 2G(0, z)G(0, 1− z, 1− z, y)
− 2G(0, 0, 1− z, 1, y) + 6G(0, 0,−z, 1− z, y)− 2G(0, 1, 1− z, 1, y)− 2G(0, 1− z, 0, 1, y)
− 2G(0, 1− z, 1, 1, y)− 2G(0, 1− z, 1− z, 1, y)− 2G(1− z, 0, 0, 1, y)− 2G(1− z, 0, 1, 1, y)
− 2G(1− z, 0, 1− z, 1, y)− 2G(1− z, 1− z, 0, 1, y) + 6G(0, 0, 0, 1, z) + 2G(0, 0, 1, 1, z) +
73ζ(4)
4
,
(56)
(57)R
(2),C2F
O4;4
= ζ(3)(24G(1 − z, y) + 24G(1, z))− 22ζ(4) .
We can see that the explicit functions are very different between the length-2 and length-3 cases. The fact that they
both satisfy the same correspondence we provided in the main text strongly suggests the principle is universal.
